For the complete five-valued cross-correlation distribution between two m-sequences st and s dt of period 2
Introduction
Let s t be an m-sequence of period 2 m − 1 and s dt be the decimated sequence of the same period with gcd(d, 2 m − 1) = 1. The cross-correlation function between these two sequences at shift τ is defined by
st+τ +s dt where 0 ≤ τ < 2 m − 1. Let Tr m (x) be the trace mapping from GF(2 m ) to GF(2). Then the m-sequence can be represented as s t = Tr m (α t ), and we can write the cross correlation as
where a = α τ , α is a primitive element of the finite field GF(2 m ), and GF(2 m ) * = GF(2 m )\{0}. It has been important to determine the value distribution of the cross-correlation between two m-sequences Helleseth et al. (1976 Helleseth et al. ( , 1998 Niho. (1972) . Johansen and Hellseth achieved the five-valued cross-correlation distribution for a decimation d = 2 l +1 2 k +1 where k = 1 and l = 2, i.e., d = 5/3 . It seems that the correlation distribution is the same for any k and l = 2k when gcd(k, m) = 1l. In , the correlation distribution is given in terms of some exponential sums, and two conjectures are presented. Proving these conjectures would imply that the correlation distribution is the same as for the case k = 1, and they proved the case k = 2. In this note we study the case k = 3. Boston and McGuire considered the weight distributions of binary cyclic codes with at most five nonzero weights Boston et al. (2010) . For relevant studies of cyclic codes, please refer to Ding et al. (2011 Ding et al. ( , 2013 ; Feng et al. (2007) ; Liu et al. (2013) ; Luo et al. (2010) ; Xiong. (2012) ; Yuan et al. (2006) ; Zhou et al. (2013) .
In the following, Section 2 recalls that the complete five-valued distribution can be reduced to computing the number A 1 of solutions of a special equation system. Furthermore, some exponential sums and two conjectures are presented. Section 3 studies those two conjectures for k = 3.
Preliminaries
In this section, relevant knowledge about the five-valued cross-correlation distribution is presented. Several kind of exponential sums and two conjectures about them are recalled. Theorems 6 and 7 are for the distribution in the general case, which are expressed in terms of the exponential sums. They originated when determining the number of solutions of the following system of euqations. Definition 1. Let A a , where a ∈ GF(2 m ), denote the number of solutions of the following equation system:
The notation A a = |E k,l (a, 0, 0)| depends on k and l, but these values will be clear from the context so we will usually omit k and l as indices.
There are the following important exponential sums :
The first exponential sum K m is the celebrated Kloosterman sum. The second sum C m apparently depends on k, but it follows from Lahtonen, McGuire, and Ward Lahtonen et al. (2007) that
when m is odd and gcd(k, m) = 1. The complete settlement of the correlation distribution for the case d = 
Another important exponential sum presented in is given in the following.
Definition 3. Let m be odd, gcd(k, m) = 1, and
where we define f (0) = f (1) = 0 and
The exponential sums K m , C m and G
(1) m = G m are needed because of the following result, the more general cases of which can be found in Zinovievs et al. (2005) .
Lemma 5. Let m ≥ 5 be an odd integer. The number of solutions A 1 = |E 1,2 (1, 0, 0)| of the system of equations
where x, y, z, u ∈ GF(2 m ), is given by
m .
Johansen and Helleseth gave the following result about the cross-correlation distribution between two m-sequences .
Theorem 6 
where m is odd and let gcd(k, m) = 1.
(1, 0, 0)|. Then the cross correlation distribution is as follows.
(i) In the case gcd(3, m) = 1, we have the distribution
(ii) In the case gcd(3, m) = 3, we have the distribution
For the case k = 1, Johansen and Helleseth calculated the exponential sums K m , C m and G Under the condition that m is odd, later they found a similar expression for A 1 = |E k,2k (1, 0, 0)| for any k when gcd(k, m) = 1 . They showed that
(1, 0, 0)| where m is odd and gcd(k, m) = 1. Then
Under the assumption of the two conjectures, the following corollary holds, and they proved the conjecture for the case k = 2 .
Corollary 8. If Conjectures 1 and 2 hold, then the correlation distribution for
is independent of k when m is odd and gcd(k, m) = 1.
Main results
We investigate the two conjectures separately in the following two subsections. Before this let's recall some facts about zeta functions and Newton's identities.
For a positive integer s , let N s denote the number of F s -rational points on the projective curve corresponding to homogeneous polynomial f (x, y, z) and define the zeta function of the curve by
the series being convergent for |t| ≤ q −t by trivial estimate of N s . Here F is a finite field with q element, and F s is an extention of F with degree s. Then Weil has shown that zeta function Z(t) is in fact a rational function of the form Lidl et al. (1997) 
where L(t) is a polynomial of degree 2g with integer coefficients and constant term 1, and g is the genus. If one writes
The usual form of Newton's identities MacWilliams et al. (1988) : Let ω 1 , . . . , ω r be indeterminates, and
where σ j is an elementary symmetric function of the ω j , σ 0 = 1, and σ j = 0 for j > r. Define the power sums
(ii) By equating coefficients
and, for j > r,
Proof. In the following, there are three parts, the first part considers the exponential sum K ′ m , the second part considers the exponential sum K m . And a comparision between them is given in the third part.
Part I: To investigate the exponential sum K ′ m defined in Definition 3, we need to consider the trace Tr m (f (x)), which can take only two values 0 and 1 that correspond to 1 and −1 respectively in the exponential sum. Let's consider the case that this trace takes value 0, then according to Lidl et al. (1997, Theorem 2.25) , f (x) = y 2 + y for some y ∈ GF(2 m ). To study the number of times (denoted n 1 ) the trace value is 0, consider the equation f (x) = y 2 + y. Now,
after eliminating the denominator, it becomes
Simplifying, we have
denote the number of its solutions by n ′ 1 , then for every solution (x, y), (x, y + 1) is also a solution. For x = 1, equation (1) has 2 m solutions, but x = 1 counts only one time in n 1 , thus
The degree of polynomial equation (1) is 2 2k + 2, and denote this polynomial by f k (x). To study its solutions, let's consider the projective closure of the affine hypersurface defined by it. Definef k (x, y, z) = z degf k f k ( x z , y z ), thenf k is a homogeneous polynomial of degree euqal to degf k . Moreover,f k (x, y, 1) = f k (x, y). We consider
The general solutions of above equation may not be so easy to determine, and the case k = 3 is studied. That is
with the number of projective points denoted byn 1 . The two points (1 : 0 : 0) and (0 : 1 : 0) correspond to z = 0, so they ought to be omitted when counting the number of points for n
Without causing any ambiguity, the indices m, k are omitted . Equation (4) defines a projective variety P 1 of dimension 1 in a projective 2-space. The curve has at least one irreducible components over GF(2), corresponding to solutions with two variables equal. This trivial component is deinfed by equation
Using Magma Bosma et al. (1997) , the second nontrivial component is singular, absolutely irreducible, and is defined by equation Note that (0 : 1 : 0) is the point satisfying both the trivial component and nontrivial componentP 1 , and there are 2 m points of the form (1 : y : 1) which belong to the trivial component but not the nontrivial component. Letñ 1 be the number of point onP 1 , then
Magma shows that the projective varietyP 1 has genus 31 Bosma et al. (1997) . As in Boston et al. (2010) , using Magma one can compute the zeta function of a variety. It is important to note that Magma actually computes the zeta function of the nonsingular model. Since the curveP 1 is singular, we need to consider it carefully as what has been done in Boston et al. (2010) , where the singular points are analyzed according to whether m is even or odd, see Remark 10.
LetP 1 be the nonsingular model ofP 1 , Magma computes the zeta function ofP 1 to be Denote the number of points onP 1 byn 1 , theñ
where S 1 m = 2 1+δ3,m , δ 3,m = 0 when 3 ∤ m and 2 otherwise. Combing equations (2,5,6,7),
For
(1 − κ j t), then the number of points over GF(2 m ) onP 1 iŝ
Part II: As to the exponential sum K m , we cnosider the number (n ′ 2 ) of solutions of the following polynomial equation
Eliminating the denominator and simplifying, g(x, y) = x 2 + 1 + (y 2 + y)x = 0 and the projective closure P 2 of the affine space is defined bȳ
which is irreducible, nonsingular, and with genus 1. Using Magma, one can compute the zeta function,
where L 2 (t) = 2t 2 + t + 1 = (1 − π 1 t)(1 − π 2 t), then the number of points over GF(2 m ) on P 2 is
Let n 2 denote the number of times that Tr m (x + x −1 ) = 0 when x ∈ GF(2 m ) * . Since (1 : 0 : 0) and (0 : 1 : 0) ought to be omitted when counting the number of points on P 2 ,
Part III: To compare the number of points onP 1 and the number of points on P 2 , let's consider the polynomials L 1 (t) and
where we assume L 
Denote the coefficient of L ′ 1 (t) by σ j which corresponds to t j , j = 0, 1, 2, . . . , 60. Direct verification, d m can be found to be zero for those m ≤ 60 and not divisible by 3.
Let's consider the other cases. Suppose this holds for m ≤ i, then for m = i+1 = 3j+1,
which is zero by noting the coefficients of (10) and the assumption for the m ≤ i case. Similarly, for m = i + 2 = 3j + 2
which is also zero. By induction, d m is zero for all m that cann't be divided by 3. That isn 1 =n 2 for 3 ∤ m.
From equations (8,9,11), (2t 2 + t + 1)(8t 6 + 2t 3 + 1)(t 2 + t + 1) 2 (t − 1) 4 /(2t 2 − 3t + 1).
As in Boston et al. (2010) , we work with the nonsingular, irreducible model.
Conjecture 1
Proposition 11. G
Proof. In the following, exponential sums G
m and G
m are analyzed separately, and then compared.
For the exponential sum G (k) m , let n 3 denote the number of times Tr m (x 2 k +1 +x −1 ) = 0 (x ∈ GF(2 m ) * ). We consider the following equation
with the number of solutions denoted by n ′ 3 , and n 3 = n ′ 3 /2. The projective closure is
which is irreducible and singular, and the number of solutionsn 3 . Note that (0 : 1 : 0) is the point that should be omitted when countingn 3 , thus n ′ 3 =n 3 − 1. Denote the projective variety by P 3 and the nonsingular model byP 3 (with number of pointsn 3 ). Using Magma the zeta function corresponding toP 3 can be found to be
Then the number of points over GF(2 m ) onP 3 iŝ
It can be verified that the only singular point of P 3 is (x : y : z) = (0 : 1 : 0). Thus n 3 =n 3 − 1, and
As for the exponential sum G
m , let n 4 denote the number of times Tr m (x 3 + x −1 ) = 0 when x ∈ GF(2 m ) * . We need to consider
that is g(x, y) = x 4 + (y 2 + y)x + 1 = 0 with number of solutions n ′ 4 , and n 4 = n ′ 4
2 . The projective closure P 4 is defined bȳ g(x, y, z) = x 4 + xy 2 z + xyz 2 + z 4 which is irreducible, singular and number of pointsn 4 . With an exceptional point (0 : 1 : 0), n ′ 4 =n 4 − 1. Also, the zeta function of the nonsingular model (P 4 , with number of pointsn 4 ) can be calculated
The singular point of P 4 is (x : y : z) = (0 : 1 : 0), thenn 4 =n 4 − 1, and
Suppose L 4 (t) = 4t 4 + 2t
(1 − κ j t), then the number of points over Since the coefficient σ j (corresponding to t j , j = 0, 1, 2, . . . , 6) of L ′ 3 (t) is zero when 3 ∤ j, it can be verified that d m = 0 for m that is not divisible by 3. Thus G 3 m = G m . ✷ Remark 12. Note that in Propositions 9 and 11, the assumption m is odd is not needed.
Combing Corollary 8 and Propositions 9, 11 we have 
Conclusion
Two conjetures are presented in , and solved for the cases k = 1, 2. In this correspondence, we study the case k = 3, as a result of which the five-valued cross-correlation distribution is determined for another case.
